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Abstract
We describe the O(α′
0
) constraints on the target space geometry of
the N = (2, 1) heterotic superstring due to the left-moving N = 1 super-
symmetry and U(1) currents. In the fermionic description of the internal
sector supersymmetry is realized quantummechanically, so that both tree-
level and one-loop effects contribute to the order O(α′
0
) constraints. We
also discuss the physical interpretation of the resulting target space geom-
etry in terms of configurations of a 2 + 2-dimensional object propagating
in a 10+2-dimensional spacetime with a null isometry, which has recently
been suggested as a unified description of string and M theory.
1 Introduction
The suspicion that the fundamental, short distance description of string theory
may not involve strings has existed for a number of years, based on the theory’s
behavior at high energies and at large orders in perturbation theory (for a re-
view of these arguments with references, see the final two chapters of Polchinski
(1994)). In addition, developments in string duality (For a recent review and
references see Hull (1995)) have provided a picture of the vacuum structure of
string theory which casts some doubts on its status as a fundamental theory. At
various extremes of the moduli space of vacua a given string theory may have
a weakly coupled description as a different string theory, as 11-dimensional su-
pergravity, as “M-theory” (Schwarz 1995b,c), or as some other p-brane theory
(note however that Hull (1995) has suggested that the perturbative states of
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the supersymmetric effective field theories are always strings or 0-branes). Fur-
thermore, p-branes wrapped around homology cycles of the compactification
manifold sometimes turn into string states when one condenses them, as hap-
pens in conifold transitions (Greene, Morrison and Strominger 1995). Wrapped
p-brane states may also be related by duality to string states (for a recent review
and discussion see Townsend 1995). This has led some to suggest there may be
a more “democratic” theory in which strings are treated on the same footing
as other p-brane excitations (Becker, Becker and Strominger 1995; Townsend
1995).
Still, there is little indication as to what the underlying theory might be.
M-theory has no definition beyond its being an 11-dimensional theory with su-
persymmetric 2-branes; the quantum theory of 11-dimensional supergravity is
unknown; and the analog of the Polyakov action for p-branes with p > 1 is
nonrenormalizable, partly due to the coupling to worldvolume gravity (for a
discussion of this point see van Nieuwenhuizen 1987). Furthermore, one could
argue that these dualities are merely features of the low energy theory, and
that one particular object defines the short distance theory. As an analogy, one
may write a theory of strongly coupled electrons in a one-dimensional metal,
described by the massive Thirring model. There will be a weakly coupled de-
scription in terms of the Sine-Gordon model (Coleman 1975), but the theory
defined at the lattice scale really is a theory of electrons. So in the case of
“string” theory there seems to be no reason to privilege any one p-brane state
as fundamental, but there is no obvious reason not to, beyond the high energy
and large-genus problems alluded to above.
One possibility for a more fundamental description of string theory is sug-
gested by some recurring hints that the worldsheet might be secretly four di-
mensional, propagating in a spacetime with more than one timelike signature.
Atick and Witten (1988) suggested that the time direction might be complexi-
fied, based on an attempt to interpret the high-temperature behavior of string
theory. Witten (1988) suggested that both the worldsheet and spacetime might
be secretly complexified. This was based on a comparison of instantons in an
orbifolded topological σ-model with classical configurations dominating high en-
ergy string scattering processes (Gross and Mende 1987,1988;Polchinski 1988).
Blencowe and Duff (1988) conjectured that the maximum possible spacetime
dimensions for a p-brane theory were 12; this arose from demanding equal Bose
and Fermi degrees of freedom on the worldvolume, while allowing for a space-
time supersymmetry group other than the super-Poincare´ group. As an example
they mentioned a 2 + 2 dimensional object in a 10 + 2 dimensional spacetime
that might be related to the Type IIB string by double dimensional reduction.
More recently, Hull (1995) has suggested an 11 + 1-dimensional “Y-theory” in
order to explain certain 6-dimensional supergravity theories with exotic soliton
spectra.
Still more recently, Kutasov and Martinec (1996) have found that the bosonic
string in 26 dimensions; the heterotic and type IIB strings in 10 dimensions; a
2
bosonic 27 dimensions; and a supermembrane in 11 dimensions can all be found
as different vacua of the N = (2, 1) supersymmetric heterotic string constructed
by Ooguri and Vafa (1991b). The open string and examples involving orbifold
and orientifold compactifications of string- and M-theory have been found found
by Kutasov, Martinec and O’Loughlin (1996). In these constructions the target
space is in fact a 2+1-dimensional object, with a 2+2-dimensional worldvolume,
living in a flat 10 + 2-dimensional (or 26 + 2-dimensional if we give up target
space supersymmetry); one or two of these dimensions are gauged away by a
left-moving timelike or null U(1) current on the worldsheet of the N = (2, 1)
string. Which string or membrane theory one gets depends on how one realizes
the left-moving U(1) and how one performs the GSO projection. The target
space theory has a lot of structure: it seems to be self-dual gravity coupled to
self-dual Yang-Mills fields, in the presence of a covariantly conserved timelike or
null Killing vector (Ooguri and Vafa 1991b; see also Pierce 1996). This might be
enough structure to allow the 2+1-dimensional object to be quantized directly.
Simultaneously, Vafa (1996) has suggested a 10 + 2-dimensional “F-theory”
in order to explain the SL(2,Z) duality of type IIB string theory (Schwarz
1995a) directly in 10 dimensions; he also suggested that this was required by
gauge fields living on the worldsheets of the D-strings of IIB string theory.
The SL(2,Z) duality suggests a hidden torus whose modular group is precisely
this duality group, and the gauge field on the D-string requires an increase of
2 in the critical dimension due to the U(1) worldsheet ghosts. Vafa further
suggested that a geometrization of the U(1) algebra would add an additional
two dimensions to the worldsheet, though how this comes about and how these
extra two dimensions are mapped into spacetime is unknown. Tseytlin (1996)
also simultaneously proposed a 11 + 1 dimensional theory of Dirichlet 3-branes
(with a worldvolume signature of (3, 1)), based on an interpretation of the gauge
fields living on the self-dual 3-brane of type IIB string theory.
Given this small explosion of suggestions of a theory of 4-dimensional world-
volumes in 12 dimensions, we would like to begin to understand what precisely
this theory might be. The N = (2, 1) string gives us a solid starting point; it has
all known string theories and M -theory as different vacua, and it should have a
definite target space theory which would describe the dynamics (whatever this
means in the presence of 2 timelike directions) of these 3-dimensional objects.
However, computations from the point of view of the (2, 1) string worldsheet
seem rather unwieldy. The vertex operators of the underlying string theory de-
scribe at best linearized fluctuations of the target worldvolume; and describing
the quantum mechanics of the worldvolume requires the string field theory of
the underlying (2, 1) string.
In this paper we will start to examine the target space theory by under-
standing the constraints on the σ-model geometry of the N = (2, 1) string due
to the worldsheet supersymmetry and left-moving U(1) current algebra. Our
attitude is that while the (2, 1) string may be unwieldy for describing the quan-
tum mechanics of the theory, one should use whatever structure is available to
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gain insight; in particular, an understanding of which fields the (2, 1) string can
couple to should lead to some understanding of the configuration space of the
3-brane theory. We will take a very small step in this direction, by deriving to
O(α′0) the constraints on the target space fields due to the (2, 1) worldsheet su-
persymmetry and the additional left-moving U(1) symmetry. Such constraints
have been discussed previously (Hull 1986b, Dine and Seiberg 1986, Braden
1987); in all of these discussions, the internal sector of the heterotic string was
described by left-moving fermions (as these have the most natural coupling to
the gauge fields) and the left-moving supersymmetry was imposed at tree level.
These authors thus found that was that the internal fermions did not propagate
and the gauge field was forced to be trivial. However, it is known that super-
symmetry may be nontrivially realized on free fermions; in this case the algebra
closes only at one loop (Goddard, Nahm and Olive 1985; Goddard, Kent and
Olive 1986; Windey 1986; Antoniadis et.al. 1986; Gates, Howe and Hull 1989).
In order to get the correct coefficients of the current commutators, the inter-
nal supersymmetry currents must scale as 1/
√
α′; therefore one-loop terms will
appear at order O(α′0) in the commutator of the left-moving supersymmetry
current G− with itself. We will also find that O(
√
α′) corrections to the internal
gauge fields (Equation (62)) and to the supersymmetry current (Equation (61))
mix with the internal supersymmetry currents to produce terms in {G−, G−}
at O(α′0). The result is that the internal theory can in fact be nontrivial in the
presence of a left-moving superconformal symmetry.
The left-moving fermionic sector of the theory gives a nice geometrical struc-
ture (see also Braden (1987)). One may describe the left-moving fields of the
N = (2, 1) string with 4 bosonic worldvolume coordinates and 28 fermions living
in some vector bundle V fibered over the worldvolume. It is only after impos-
ing supersymmetry that 4 of these fermions are associated with the left-moving
excitations of the worldvolume coordinates and the gauge curvature in these
directions is set equal to the worldvolume curvature. The identification of the
tangent plane of the worldvolume can and will vary fiber by fiber in V , as speci-
fied by the supersymmetry current; this identification will split V into “tangent”
and “normal” bundles. Furthermore, the fibers of the “normal” bundle must
live in the adjoint representation of some Lie group (which may be a product
group); this group structure is encoded by the left-moving supersymmetry cur-
rent as well. Thus the supersymmetry current adds some additional structure.
Constraints on this structure and on the σ-model geometry are found in Equa-
tions (49), (50),(51),(60), (67), and (68). If we interpret the target space theory
as describing the imbedding of a 2+2-dimensional object in some spacetime, V
should be related (nontrivially, as we will argue) to the spacetime.
More structure will arise as the N = (2, 1) string has a gauged, left-moving
U(1) supercurrent. We will find that the piece of the U(1) current acting on
the internal fermions must scale as 1/
√
α′, and so as with the supersymmetry
algebra we will find that one-loop terms arise at order O(α′0), and that we will
have to add a piece scaling as
√
α′ to the supercurrent (Equation (107)) in order
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to maintain consistency. The constraints on the geometry and the supercurrent
to O(α′0) are shown in Equations (94),(75), (78), and (85). The upshot is that
the target space possesses a null or timelike covariantly conserved Killing vector;
if it is timelike, there must be an O(1/√α′) piece of the supercurrent acting on
the internal fermions to cancel the anomaly of the target space isometry.
This thesis is organized as follows. Section 2 is a review of known pertinent
results. Section 2.1 reviews the properties of N = (2, 1) strings with a flat
target space; it also reviews the realization of supersymmetry on free fermions.
Section 2.2 reviews the general σ-model action for the heterotic string and the
constraints arising from (2, 0) supersymmetry as derived by Hull and Witten
(1985). Section 3 describes the left-moving supersymmetry and U(1) currents;
it also lists the transformations of the fundamental σ-model fields under Dirac
brackets with these currents. Section 4 contains the derivation of the constraints
on the σ-model geometry arising from the left-moving supersymmetry. Section
5 contains the constraints due to the left-moving U(1) supercurrent. Section 6
discusses of the physical and geometric interpretation of our results in terms of
a 4-dimensional surface living in some spacetime. Section 7 contains conclusions
and a discussion of directions for further work. Appendix A contains conventions
for worldsheet and target space geometry. Appendix B describes the Dirac
brackets of the N = (2, 1) σ-model. Finally, Section C contains conventions for
the worldsheet Green’s functions.
A note about nomenclature: in this paper the right-moving sector of the
N = (2, 1) string will be the N = 2 sector and the left-moving sector will be
the N = 1 sector. This is the convention used by Kutasov and Martinec (1996)
and Kutasov, Martinec and O’Loughlin (1996).
2 Background
2.1 The N = (2, 1) string in flat spacetime
In order to get a feeling for the N = (2, 1) string we will first review the flat
space theory. Many features of the σ-model in arbitrary backgrounds will be
generalizations of this simple case; also, the physical massless states of the theory
should tell us which backgrounds to turn on.
Strings with gauged N = (2, 2) worldsheet supersymmetry have been stud-
ied by Ademollo et.al. (1976a,b); Fradkin and Tseytlin (1981, 1985a); D’Adda
and Lizzi (1987); Green (1987); and Mathur and Mukhi (1987, 1988). Ooguri
and Vafa (1990, 1991a) explored the target space geometry more systemati-
cally by exploring the scattering amplitudes for physical states and the target
space effective action one could deduce from these amplitudes. They also con-
structed heterotic string theories with gauged (2, 0) and (2, 1) supersymmetry
(1990,1991b);1 we will review these constructions here.
1Fradkin and Tseytlin (1985a) and Green (1987) also described the (2, 0) and (2, 1) het-
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The right-moving sector of these theories includes in addition to the repa-
rameterization and supersymmetry ghosts a pair of ghosts corresponding to the
U(1) piece of the N = 2 algebra (the complex structure). The critical dimen-
sion of the right-movers is 4, and N = 2 SUSY requires a complex structure
(Alvarez-Gaume´ and Freedman 1981; Hull and Witten 1985), so we must have
either (4 + 0) or (2 + 2) signature. We will choose the latter. The left-moving
bosons must then also have two timelike directions (in particular, if the target
space is noncompact); however, the N = 1 superconformal symmetry will only
remove negative-norm states arising from one timelike direction. Unitarity re-
quires an additional left-moving U(1) gauge symmetry in order to remove the
remaining negative-norm states. This gauging increases the critical dimension
of the left-moving sector by 2, as there will be Faddev-Popov ghosts associated
with the U(1). Thus the matter sector of the left-movers of the (2, 0) string has
c = 28; the matter sector of the left-movers of the N = (2, 1) string has cˆ = 12.2
Since the left-moving U(1) current is gauged, nilpotency of the BRST charge
requires that this current must have a vanishing operator product with itself
(Ooguri and Vafa 1991b). In the case of the N = (2, 0) string in flat space, the
U(1) current will have the form
J− = vµ∂−φ
µ
L , (1)
where φL denote both the left-moving target worldvolume coordinates and the
chiral scalars of the internal sector. It is easy to see that the condition for the
vanishing OPE of this current with itself is vµv
µ = 0.
The internal sector of the N = (2, 0) string can be represented by 24 chiral
scalars which live in the maximal torus of a rank 24 group. The physical states
of the theory depend on the direction of the left-moving U(1), i.e. on whether
the vector has any components in the internal direction. With no components of
the U(1) in the internal direction the null isometry in 2 + 2 dimensions kills off
the gravitational dynamics of the target worldvolume gravitational dynamics,
so that the only excitations come from the internal sector and correspond to
the gauge bosons of the internal gauge group. Scattering amplitudes indicate
that the target spacetime theory is the self-dual Yang-Mills theory in 2 + 2
dimensions, reduced to a 1 + 1-dimensional theory by the isometry. If the U(1)
has components in the internal direction, then the spacetime isometry is timelike
and so the target spacetime is effectively 2 + 1-dimensional. In this case there
is some spacetime boson which is a remnant of the boson describing self-dual
gravity in the (2, 2) string (Ooguri and Vafa 1990, 1991a). There are also the
internal gauge fields as before; the gauge symmetry is partly broken by the
internal part of the U(1) (Ooguri and Vafa 1991b). In this case the theory
describes some sort of coupling of self-dual Yang-Mills and self-dual gravity.
erotic string. In both papers the necessity of the left-moving U(1) current was missed, although
in the latter a truncation to a 2-dimensional target space was assumed.
2cˆ = 1 for a free chiral superfield, or equivalently for three free Majorana- Weyl fermions.
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For the N = (2, 1) string Ooguri and Vafa represented the internal sector by
eight chiral scalars and their fermionic superpartners. They found that the only
massless states correspond to the 8-dimensional ground state of the Ramond
sector of the internal fermions and to the 8 Neveu-Schwarz states created by
single fermion oscillators acting on the vacuum. Ooguri and Vafa therefore
claimed that the internal sector has no group structure. However, one can find
other realizations of the internal sector which do contain gauge symmetry. For
example, Pierce (1996) used a free fermion construction of the internal SCFT,
and found that the massless states in the adjoint of a 24-dimensional Lie algebra
with the fermions living in the adjoint of this group. As we will use the fermionic
representation of the (2, 1) σ-model below, let us review supersymmetric theories
of free Majorana-Weyl fermions.
Given a theory with free left-moving Majorana-Weyl fermions λa, one may
realize an affine Lie algebra with fermion bilinears (for a review and references
see Goddard and Olive 1986). If we let the fermions live in the adjoint rep-
resentation of a Lie group H , one may realize a worldsheet current algebra
corresponding to this group:
Ja = fabcλbλc , (2)
where the coefficients fabc are the structure constants of the H . There is a
well-known N = 1 supersymmetry in such theories (Goddard, Nahm and Olive
1985; Goddard, Kent and Olive 1986; Windey 1986; Antoniadis et.al. 1986),
where the supersymmetry charge is
G =
1
3
√
CA
fabcλaλbλc . (3)
This realization with fermions living in the adjoint of a group is general. Fol-
lowing Windey (1986) and Antoniadis et.al. (1986) we can realize N = 1 super-
symmetry on a set of free Majorana-Weyl fermions by splitting them up into
fermions living in the adjoint of some group H and fermions living in some
representation of that group. Requiring that the superconformal algebra closes
appropriately means that sum of these spaces is in fact the adjoint representa-
tion of some group G ⊃ H and that G/H is a homogeneous space. The level of
the current algebra is the dual Coxeter number of this group. Ooguri and Vafa
(1991b) used the vertex operator construction of the current algebra (Halpern
1975; Frenkel and Kac 1980; Segal 1981; Gross et.al. 1985, 1986) which is a level
1 construction. If we fermionized this theory we would find that the only current
algebra compatible with left-moving supersymmetry at this level is U(1)8.
If we wish to find which states correspond to gauge bosons and what the
gauge structure is, we need to choose an appropriate GSO projection compatible
with modular invariance. The spectrum of massless states and its group struc-
ture depends on the choice of SUSY current and on the GSO projection (Pierce
1996), just as in the free fermion models of type II string theories with gauge
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symmetry (Kawai, Llewellyn and Tye 1986a,b and 1987a,b; Bluhm, Dolan and
Goddard 1987). In particular the construction of different string and membrane
theories as target spaces of the (2, 1) string relies on the spectra one gets from
different GSO projections (Kutasov and Martinec 1996).
It is also worth recalling the conditions for target space supersymmetry.
Since the right-moving part of the theory has gauged N = 2 supersymmetry,
the spectral flow is gauged; thus the Neveu-Schwarz and Ramond sectors of
the right-movers are equivalent (Schwimmer and Seiberg 1987; Ooguri and Vafa
1991b). Spacetime supersymmetry must arise entirely from the left-movers;
however, a well-known theorem of Friedan and Shenker (unpublished; for a
published description and discussion see Section 2.4 of Dixon, Kaplunovsky and
Vafa (1987)) states that target space supersymmetry and non-Abelian gauge
symmetry cannot arise from the same sector. Equivalently, target space su-
persymmetry exists if and only if the left-moving sector possesses global N = 2
supersymmetry (Banks et.al. 1988; Banks and Dixon 1988). Thus, such a global
supersymmetry is also incompatible with non-Abelian gauge symmetry. Indeed,
the constructions of Kutasov and Martinec (1996) and Kutasov, Martinec and
O’Loughlin (1996) which possess spacetime supersymmetry have no non-Abelian
structure.
2.2 The σ-model action, and constraints from (2, 0) super-
symmetry
We are interested in the more general σ-model which one would find upon con-
densing vertex operators corresponding to the massless bosonic physical states
of the (2, 1) string. We know that in general the bosonic sector contains target
space gravity and gauge fields. We will also include an antisymmetric tensor
field, as torsion arises naturally in heterotic σ-models: since no antisymmetric
tensor field appears in the physical state spectrum this field will merely dress
the gauge and gravitational excitations in solutions to the β-function equations.
We can break up the fields of the N = (2, 1) sigma model into several pieces:
d target worldvolume coordinates which we can write as N = (2, 0) superfields,
making the right-moving supersymmetry manifest (Dine and Seiberg, 1986); d
left-moving Majorana-Weyl fermions to pair with the left-moving target space
bosons; and a piece describing the internal left-moving conformal field theory.
The internal theory can be written as a set of 3n real, left-moving fermions
with indices in some 3n-dimensional tangent space, coupled to a background
vector potential, as a set of n left-moving chiral scalars paired to n left-moving
real fermions by the N = (0, 1) SUSY, or as any other left-moving cˆ = 8
superconformal field theory; we will work with the fermionic representation,
since the coupling to target space gauge fields is straightforward.
The action for the target space bosons and their right-moving fermionic
superpartners may be written in (2, 0) superspace following Dine and Seiberg
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(1986):
Sst = − i
2
∫
d2σdθdθ∗
[
Ki(Φ
j ,Φk¯)∂−Φ
i −Ki¯(Φj ,Φk¯)∂−Φi¯
]
. (4)
where we use the notation given in Appendix A. The action in component form
is (Hull and Witten 1985):
Sst =
1
2
∫
d2σ [(gµν(φ) + bµν(φ)) ∂+φ
µ∂−φ
ν
+igµνψ
µ
(
∂−ψ
ν + Γ(+)
ν
λρ
(φ)∂−φ
λψρ
)]
. (5)
We will work with this form, dropping the manifestly complex parameterization;
there will be a complex structure tensor Jµν with the properties required for (2, 0)
supersymmetry, which we will discuss below.
We could write the left-moving fermions in (2, 0) superspace as in Dine and
Seiberg. This would force a Hermitean structure on the vector bundle which the
internal fermions live in, as required for off-shell closure of the N = 2 algebra
(Howe and Papadopolous 1988). We will worry only about on-shell closure in
this paper. In (1, 0) superspace the action for left-moving Majorana fermions
coupled to a background gauge field is (Hull and Witten 1985):
SRf = −
∫
d2σdθ+Gab(Φ)Λ
a
(
D+Λ
b +Aµ
b
cD+Φ
µΛc
)
. (6)
In this equation Φ is the (1, 0) bosonic superfield as written in Appendix A. In-
tegrating over the Grassman coordinate θ+ and eliminating the auxiliary fields,
we find the component form of the action (Hull and Witten 1985):
SLf =
1
2
∫
d2σ
[
iGab(φ)λ
a
(
∂+λ
b +Aµ
b
c∂+φ
µλc
)
+
1
2
Fµνabψ
µψνλaλb
]
. (7)
One may rotate away the metric G with the vielbein fields ρaA and obtain the
action
SLf =
1
2
∫
d2σ
[
iηAB(φ)λ
A
(
∂+λ
B + ωµ
B
C∂+φ
µλC
)
+
1
2
FµνABψ
µψνλAλB
]
. (8)
There will also be a dilaton term appearing appearing in the action at O(α′);
in conformal gauge this should couple to the ghosts as described by Banks,
Nemeschansky and Sen (1986). One may redefine the ghost fields in such a way
that the dilaton does not appear in the action; this transformation is anomalous,
so the BRST current picks up a term proportional to the dilaton at order α′
9
(for the superstring version of this in superspace, see Aldazabal, Hussain and
Zhang (1987)). This is of too high an order to appear in our O(α′0) calculation.
The fermions live in a vector bundle V with connection Aˆµab fibered over the
target space (Hull and Witten 1985). We expect the left-moving supersymmetry
to relate some 4-plane in each fiber to the tangent space of the worldvolume;
it should also somehow relate the “tangent” gauge connection to the spin con-
nection (indeed, we will find that the curvatures agree). We will not make this
identification at the level of the action; rather, all of the information encoding
this identification will lie in the supersymmetry current. The advantages of
this presentation will become clear when we discuss the interpretation of target
space theory as a 4-dimensional worldvolume immersed in some spacetime.
The combination of actions (5) and (7) is invariant under the supersymmetry
transformation 3
δφµ = ǫψµ (9)
δψµ = iǫ∂+φ
µ (10)
δλa = −ǫAˆµacψµλc (11)
and the complex structure transformation
δψµ = Jµνψ
ν , δφ = δλ = 0 . (12)
The second supersymmetry comes by commuting the first supersymmetry with
the complex structure (Hull and Witten 1985). Invariance of equations (5) and
(7) under the complex structure rotation (12) combined with closure of the
N = 2 algebra place requirements on the complex structure (Hull and Witten
1985):
Jµβ J
β
ν = −δµν (13)
Nµνρ = J
β
ν ∂[β J
µ
ρ] − Jβρ ∂[β Jµν] = 0 (14)
gαβJ
α
µ J
β
ν = gµν (15)
∇(+)λJµν = 0 (16)
Jµ[ν Fλ]µab = 0 . (17)
Note also that the combination of Equations (14) and (16) leads to an algebraic
constraint on the torsion (Delduc, Kalitzin and Sokatchev 1990):
Hµνρ −HµλτJλτJτ ρ +Hτ νλJµτJλρ +HτλρJµτJλν = 0 . (18)
Any two of Equations (14), (16), (18) are independent. One may also rewrite
Equations (13) - (18) as the vanishing of various components of the connection,
3In the paper of Hull and Witten (1985) the sign in the variation of λ in Equation (11) is
incorrect. Braden (1987) also uses the sign opposite that of Equation (11), but in his paper
the sign is correct as the action for ψ is defined with a total sign opposite that of the action
(7).
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torsion, and curvature in complex coordinates (Hull and Witten 1985, Bonneau
and Valent 1994).
3 Construction of SUSY and U(1)L currents
We will describe the left-moving N = 1 supersymmetry and U(1) via their
current algebra. Although we will work only to O(α′0), the supersymmetry is
realized quantum mechanically on the internal fermions and the algebra only
closes to this order after including worldsheet loop effects in the commutators.
We begin by building the supersymmetry current out of the most general
terms which have dimension (0, 3/2) and the U(1) current out of terms which
have dimension (0, 1). We then ask that the algebra close properly and that
the variation of the action under the classical transformations vanish up to the
divergence of the currents, or, integrating by parts, up to terms of the form
∂−ǫJ+ + ∂+ǫJ− , (19)
where ǫ parameterizes the variation, δξ = {ξ, ǫJ}. Since we want left-moving
currents we also demand that J+ vanish.
To order α′0 the equal-time commutators are usually just the tree-level Pois-
son or Dirac brackets of the currents. However, as we have discussed above,
supersymmetry is realized nonlinearly and quantum mechanically on the inter-
nal fermions. It is easy to see that the operator product of the supersymmetry
current (3) with itself is:
G(w−)G(z−) ∼ i (α′)2 d
12
1
(w− − z−)3 − α
′ 1
(w− − z−)ηabλ
a∂−λ
b , (20)
where we have explicitly included the α′ factors coming from fermion loops. This
is the correct operator product for the left-moving SUSY charge of a system with
central charge cˆ = d/3 within a multiplicative factor of α′ (for a discussion of
this factor in path integral language see (Gates, Howe and Hull 1989)). To get
operator product coefficients of the superconformal algebra we must rescale G:
G =
1
3
√
α′CA
fabcλ
aλbλc . (21)
One may also see this scaling by starting with the left-moving supersymmetry
current of a scalar field plus its fermionic superpartner:
GL = ∂−φλ
1 . (22)
Now fermionize the scalar: √
α′
2
∂−φ =: λ
2λ3 : . (23)
11
The coefficient on the left-hand side of this equation, including the power of
α′, can be fixed by matching the two-point function of each side. Substituting
this into (22) will give us a supersymmetry current like (21). Because of this α′
dependence, we must be a bit careful in counting orders of α′ in our computation;
for example, one loop terms in operator products of the above supersymmetry
charge will enter at order α′0.
In previous discussions of σ-models with (2, 1) supersymmetry (Hull 1986b;
Dine and Seiberg 1986; Braden 1987) closure of the algebra was imposed at
tree level. This forces the gauge fields to be flat and the internal fermions to
be non-propagating. However, in flat space there are physical vertex operators
corresponding to gauge field fluctuations; nothing prevents us from condensing
these operators on the worldsheet as long as their expectation values satisfy the
β-function equations. The latter three authors listed above argued that because
supersymmetry pairs bosons and fermions, the internal fermions must be trivial
since they are not paired with bosonic fields. However, in the full quantum
treatment we may have a representation of supersymmetry on the Fock space
of the system which does not close on the one-particle states.
With these arguments in mind, we also expect that the part of the left-
moving U(1) composed of left-moving fermions will have a piece quadratic in
fermions and scaling as 1/
√
α′, Σabλ
aλb. This is especially necessary for the
U(1) which leads to membrane constructions (Kutasov and Martinec 1996; Ku-
tasov, Martinec and O’Loughlin 1996). For these constructions the part of the
U(1) living in the target space is timelike; for example, if the current in flat
space looks like:
J− = vµ∂−φ
µ + Σabλ
aλb , (24)
and v2 < 0, then the anomaly in the operator product of this with current can
only vanish by setting α′ΣabΣ
ab + vµv
µ = 0, where the first term is a one-loop
term. Thus, Σ must generally have a piece scaling as 1/
√
α′.
3.1 Review of (2, 0) SUSY charges
The right-moving currents for N = 2 SUSY can be written down most easily as
(1, 0) superfields (see for example Hull and Spence 1990):
G(1)+ = gµν (Φ)D+Φµ∂+Φν −
i
6
Hµνρ (Φ)D+Φ
µD+Φ
νD+Φ
ρ (25)
U+ = i
2
Jµν (Φ)D+Φ
µD+Φ
ν . (26)
Expanding the superfields in components we find (see Appendix A for notation):
G(1)+ = gµνψµ∂+φν −
i
6
Hµνρψ
µψνψρ
+iθ+
{
gµν∂+φ
µ∂+φ
ν + igµνψ
µ
(
∂+ψ
ν + Γ(+)
ν
λρ
∂+φ
λψρ
)}
12
= G
(1)
+ + iθT++ (27)
UR = i
2
Jµνψ
µψν + θ
{
Jµνψ
µ∂+φ
ν +
i
2
∂ρJµνψ
µψνψρ
}
= J+ + θG
(2)
+ . (28)
Here G
(1)
+ , G
(2)
+ are the two right-moving supersymmetry currents, T++ is the
right-moving stress-tensor, and J+ is the U(1) part of the right-moving su-
perconformal algebra. It is easy to see, using the fundamental Dirac brackets
described in Appendix B, that the above currents generate the transformations
listed in Equations (9)-(12).
3.2 The left-moving currents
The most general dimension (0, 3/2) operator we can write down is:
G− = eµa∂−φ
µλa − ifabcλaλbλc . (29)
The variations of the component fields induced by Dirac brackets with this
current are:
δφµ = ǫ eµaλ
a (30)
δψµ = ǫ eρaΓ(+)
µ
ρα
ψαλa (31)
δλa = iǫeµ
a∂−φ
µ + ǫ
(
3fabc − eρbAˆρac
)
λaλb
≡ iǫeµa∂−φµ + ǫBabcλbλc (32)
The object eµa maps the 4-dimensional tangent bundle of the target world-
volume into the 28-dimensional vector bundle V . We may also form the projector
(Braden 1987)
Pab = δab − eµaeµb . (33)
This projects indices onto what we will call the normal part of V while (1−P)
projects indices onto the tangent part of V : if e has maximal rank (which
should be true for generic points in the target worldvolume), the normal part
of the bundle will have 24-dimensional fibers and the tangent part will have
4-dimensional fibers. In flat space, as we have discussed, the fermions will lie in
the adjoint representation of some Lie algebra and the normal part of fabc will
be the structure constants of the algebra. We expect that this structure will
persist fiberwise in the presence of nontrivial gµν , Aˆ, and e.
The most general dimension (0, 1) operator is:
J− = vµ∂−φ
µ +Σabλ
aλb , (34)
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where all the coefficients depend on φ as usual. The variations of the σ-model
variables under this current are:
δφµ = ǫ vµ (35)
δψµ = −ǫΓ(−)µνρvρψν (36)
δλa = −ǫ Aˆρabvρλb − 2iΣabλb . (37)
v and Σ will be restricted by demanding chirality, invariance of the action under
the above variations, and closure of the left-moving algebra.
4 Imposing N = (0, 1) SUSY
As with (2, 2) (Alvarez-Gaume´ and Freedman 1981) and (2, 0) (Hull and Witten
1986) supersymmetry in 2d σ-models, (2, 1) supersymmetry places constraints
on the geometry of the target space fields. We find our constraints in the
usual fashion, by demanding the classical invariance of the action under the
variations (30)-(32), and closure of the supersymmetry algebra. The constraints
arising from the right-moving supersymmetries have been reviewed above. The
constraints on fields coupled to the tangent fermions, were found by Braden
(1987); we will rederive his results in the course of our analysis.
In the variation of the action we can clearly separate the terms into pieces of
different order in the left- and right-moving fermions and their derivatives. The
bosonic part of the action will give us all the terms linear in λ. After several
integrations by parts and the use of the equations of motion for φ, we find that
the term proportional to λ is:
δS =
∫
d2σ {∂+ǫ eµaλa∂−φµ
+ǫ
[
∂µeνa − Aˆµbaebν − Γ(+)ανµeαa
]
λa∂+φ
µ∂−φ
ν
}
. (38)
The first term gives us the first piece of the supersymmetry current (34) as re-
quired by Noether’s theorem. The vanishing of the second term was interpreted
by Braden (1987) as an equality between the spin and (tangent bundle) gauge
connections up to a (sort of) gauge transformation. Another interpretation is
that e is covariantly constant to O(α′0):
Dˆ(−)µe
ρ
a = 0 , (39)
which implies that
DˆλPab = 0 (40)
at O(α′0). The terms proportional to ψψλ are:∫
iǫ
[
R(+)µνλρe
λ
a − Fµνabebρ
]
∂−φ
ρλaψµψν . (41)
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This sets the tangent part of Fab equal to R(+), and also implies that Fab splits
entirely into tangent and normal pieces. The term cubic in λ is:
T3λ =
∫
d2σ
{−i∂+ǫfabcλaλbλc
+iǫ
(
1
2
eαaFαρbc − Dˆρfabc
)
∂+φ
ρλaλbλc
}
. (42)
The first term multiplying ∂+ǫ combines with the first term of the integrand
in Equation (38) to form the supersymmetry current, as required by Noether’s
theorem. The second term will be discussed below. Finally, there is a term
cubic in λ and quadratic in ψ, arising from the variation of the Fψψλλ term in
the action:
T2ψ3λ =
∫
d2σ
{(
eρaDˆ
(+)
ρ Fµνbc + 6Fµνkaf
k
bc
)
ψµψµλaλbλc
}
. (43)
Next, we wish to examine the constraints arising from closure of the super-
symmetry algebra:
{G−(σ), G−(σ′)} = T−−(σ′) δ(σ − σ′) (44)
{G−(σ), G(1)+ (σ′)} = 0 (45)
{G−(σ), J+(σ′)} = 0 (46)
{G−(σ), G(2)+ (σ′)} = 0 . (47)
Note that the last equation follows from the first three by the Jacobi identity.
We will be interested in the O(α′0) part of these commutators. As discussed
above the first of these commutators will have two pieces at order O(α′0): one
will arise from the classical Dirac bracket and the other will arise from the one-
loop contribution of the commutator of the cubic part of the supersymmetry
current with itself. A long and tedious calculation, using the results above,
reveals the classical Dirac brackets of the left-moving SUSY currents to be:
{G−(σ), G−(σ′)} = δ(σ − σ′)×{
−ieµaeνa∂−φµ∂−φν + eρaeρbλa
(
∂−λ
b + Aˆµ
b
c∂−φ
µλc
)
− [(6fabceρc +Hαβρeαaeβb)
+2eµaDˆ(−)µeρb − eµaDˆ(−)ρeµb
]
∂−φ
µλaλb
−eµaDˆ(−)ρeµb∂+φρλaλb
+
i
2
(
R(+)λραβe
α
ae
β
b − eµaeµkFλρkb
)
λaλbψλψρ
+i
(
1
2
eαae
β
bFαβcd + 2e
α
aDˆαfbcd + 9f
k
abfkbc
)
λaλbλcλd
}
. (48)
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Note that we had to use the equations of motion for λ in order to get terms
with τ derivatives of λ. The first line of (48) is clearly the stress tensor of the
bosons and of the fermions tangent to the target worldvolume, if
eµ
aeνa = gµν . (49)
We have kept the Dˆ(−)e terms in the fourth and fifth line. They vanish to this
order, but we will want to discuss order O(
√
α′) corrections below. To order
O(α′0) the vanishing of the third line of (48) requires f to split into a completely
normal piece f⊥ and a completely tangent piece:
f‖abc = −1
6
eαae
β
be
γ
cHαβγ . (50)
As we will see shortly, corrections of this splitting at O(√α′) mix into the last
line of Equation (48). The vanishing of the sixth line follows from the vanishing
of (41). The final line has a piece of order 1/α′. If we were to think of f as
some structure constants on the normal part of the fibers of the bundle V , then
the vanishing of this term,
f (⊥)k[ab f
(⊥)k
cd] = 0 , (51)
enforces the Jacobi identity on the structure constants. Note that if f receives
an O(√α′) correction f (1), then the ff term will have an additional O(α′0)
term coming from f⊥f (1). At order O(1/√α′),
Dˆλf
⊥
abc = 0 . (52)
This equation will have O(α′0) corrections.
λ(σ  )f ’f λ(σ)
+ terms covariantizing derivatives
Figure 1
The one-loop O(α′0) contribution to the commutator {G−, G−}. The single
straight lines denote λ propagators; the triple lines denote background field
insertions. Crossed circles denote vertices arising from operator insertions.
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We must also examine the one loop contribution to the commutator of
f (⊥)abcλ
aλbλc with itself. This can be calculated by expanding the operators
and the action in Riemannian normal coordinates (Alvarez-Gaume´, Freedman
and Mukhi 1981; Sen 1985; Banks, Nemeschansky and Sen 1986). We can get
away with calculating a subset of the resulting terms since the normal coor-
dinate expansion is covariant with respect to both the target space gauge and
coordinate indices. Terms coming from expansions of f in normal coordinates
will involve derivatives of f which will be covariantized; as argued above, such
terms will vanish at O(α′0) (although not necessarily at O(√α′)). Terms in the
commutator involving the gauge and spin connection will either covariantize
derivatives or form combinations and covariant derivatives of the appropriate
curvature tensors.
In general this argument is too naive. The σ-model anomaly (Moore and
Nelson 1984,1985; Hull and Witten 1985) spoils invariance with respect to lo-
cal Lorentz and gauge transformations of the background fields. This lack of
gauge invariance can be absorbed by an anomalous variation of bµν and a redef-
inition of the antisymmetric tensor field strength (Callan et.al. 1985; Hull and
Witten 1985; Sen 1986; Hull and Townsend 1986). At any rate, the σ-model
anomaly will not show up to the order we are concerned with. Another potential
problem arises if we expand the action around a background field configuration
which does not satisfy the equations of motion; in this case, the normal coor-
dinate expansion of the action will include noncovariant terms proportional to
the classical equations of motion (Alvarez-Gaume´, Freedman and Mukhi 1981).
This leads to noncovariant divergences in the action which are removed by wave-
function renormalization. Such terms should be included when renormalizing
the theory, but once this is done we can calculate the renormalized Green’s
functions by expanding the action around solutions to the classical equations of
motion.
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f  λ(σ ) f  λ(σ  )’
f  λλ(σ )
f  λλ(σ )
f  (σ )
f  (σ )
c)
d    ’’ F ψψσ
2
b)
a)
’
’
d    ’’ Fψψσ2
d    ’’ Fψψσ2
Figure 2
The remaining one-loop O(α′0) diagrams, after Figure 1. The open circles
denote vertices arising from the interaction part of the Lagrangian.
The relevant one-loop Feynman diagrams contributing to the commutator
are shown in Figures 1 and 2. The diagram in Figure 1 will give us a coefficient
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of 1/(x−−y−)2 times a bilocal operator: expanding the operator around y gives
us a term multiplying 1/(x− − y−) which will contain derivatives of f and λ
which will become covariantized. The diagrams in Figure 2 cancel each other
due to the Jacobi identity (51). The result for the one-loop O(α′0) operator
product is:
G−(x−)G−(y−) = −18
4
α′2
(x− − y−)2
f (⊥)A
CDf (⊥)BCDλ
AλB(y−)
+
18
4
α′
(x− − y−)f
(⊥)
A
CDf (⊥)BCDλ
A
(
∂−λ
B + ωµ
B
K∂−φ
µλK
)
. (53)
The last term in the operator product is equal to iT (⊥)/2(x−− y−), as required
for closure, provided that
f (⊥)ACDf
(⊥)
B
CD = − 1
9α′
PKAPLBηKL , (54)
This equation and Equation (51) indicates that the coefficients f (⊥) are propor-
tional to structure constants of a Lie algebra. Equation (54) also insures that
the 1/(x− − y−)2 term vanishes, and gives the 1/(x− − y−)3 term expected for
24 free fermions. The remaining singular part of the operator product can be
converted to an expression for the equal-time commutator in the usual fashion
(see Appendix C).
If Equation (54) satisfied we may add to Equation (48) the term
PkaPkbλa
(
∂−λ
b + Aˆµ
b
cλ
c
)
(55)
at order O(α′). Adding this term to the second line of Equation (48) should
give us T−− as required for closure.
Another long calculation reveals that to O(α′0)
{G−(σ), G+(σ′)} = i
(
1
2
eαaFαρbc − Dˆρfabc
)
ψρλaλbλc . (56)
The vanishing of this term follows from the vanishing of (42). Note that since
there are no terms with negative powers of
√
α′ appearing in G+ all the terms
in (56) will arise at tree level.
Now we can discuss the solution to the constraints we have derived. The
operator product contains no piece of Gabλ
a∂−λ
b where G has both tangent and
normal indices: in other words, the metric is block diagonal with respect to the
splitting of V defined by P . In addition, the vanishing of (41) indicates that F
is also block diagonal in its gauge indices at O(α′0). If we split F into F (‖) and
F (⊥), and if we let f = f (⊥) − iH/6, we find that using the Bianchi identities
in the appropriate manner, terms involving F ‖ and H drop out of the the last
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line of Equations (48), (42), and (43). This leaves the following constraints:
{
1
2
F (⊥)µρbce
µ
a − Dˆρf (⊥)abc = 0
}
λaλbλc (57)
{
1
2
eαae
β
bF
(⊥)
αβcd + 2e
α
aDˆαf
(⊥)
bcd + 9f
(⊥)
kab f
(⊥)k
cd
}
λaλbλcλd = 0(58)
{
Dˆ(+)ρF
(⊥)
µνbce
ρ
a + 6F
(⊥)
µνkaf
(⊥)k
bc
}
λaλbλc = 0 . (59)
It seems at first glance impossible to solve these constraints for nontrivial F (⊥).
However, order O(
√
α′) terms in the supersymmetry current combine with or-
der O(1/√α′) terms in the above equations and cancel off the nontrivial field
strengths. Closure to order O(√α′) requires that one-loop terms in the com-
mutator cancel the classical O(√α′) terms: we will calculate one of these terms
below.
Let us assume that f has a term f (1) scaling as
√
α′ with one normal index
and two tangent indices. If we substitute Equation (58) into Equation (57), and
use the version of Equation (54) with curved indices,
f (⊥)aklf
(⊥)
b
kl = −1
9
Gab , (60)
we find that
f
(1)
abkPkc = −
1
4
α′eαae
β
bFαβklf
(⊥)
c
kl . (61)
We may solve Equation (59) by adding an order O(
√
α′) piece Aˆ(1) to the
gauge connection Aˆ:
Aˆ(1)µ
a
be
b
ρ =
3
2
α′F (0)ρµklf
(⊥)akl , (62)
where F (0) is the curvature for the uncorrected connection Aˆ− Aˆ(1). If Dˆ(0) is
the gauge-covariant derivative with respect to the uncorrected connection, then
the order O(√α′) correction to the curvature is:
Fµν
a
b = F
(0)
µν
a
b + Dˆ
(0)
µAˆ
(1)
ν
a
b − Dˆ(0)νAˆ(1)µab +O(α′) . (63)
Note that this will imply that F has mixed tangent and normal indices at order√
α′. After some manipulation, Equation (59) becomes:
Dˆ
(0)
[µ F
(0)
νρ]klf
(⊥)
a
kl = 0 , (64)
which is the Bianchi identity for F to O(α′0).
Since f (⊥) has entirely normal indices at O(α′0), we may write
f (⊥)abc = Pkaf (⊥)kbc . (65)
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Applying Dˆ to both sides, we find that
(1− P)k aDˆρf (⊥)kbc =
(
DˆρPka
)
f (⊥)kbc . (66)
Combined with Equation (58), this means that:
Dˆµe
a
ρ = −α′ 3
2
F (0)µρklf
(⊥)akl . (67)
We have found all of the constraints on the target space geometry and the
left-moving supersymmetry current up to O(α′0). Let us summarize these re-
sults. The left-moving supersymmetry identifies a “tangent” subbundle of V
with the tangent bundle of the target space; it also requires that the fibers of
the orthogonal bundle are acted on by some Lie algebra in the adjoint represen-
tation. The one-form eµ
a identifies the tangent subbundle of V . The geometric
structures of the target space and the tangent part of V are identified by the
vanishing of (41)
R(+)µνλρ = Fµνabeλ
aeρ
b , (68)
and by the identification of the tangent part of f with the torsion in Equation
(50). Note that with this identification the tangent part of G− is the left-
moving analog of the supersymmetry current in Equation (27). Equation (67)
constrains the mapping eµ
a. Note that if the right hand side of Equation (67) is
proportional to gauge and Lorentz covariant terms, then by dimensional analysis
these terms must scale at least as
√
α′, which is the only length scale available.
The structure on the fibers of the normal subbundle of V is encoded in f (⊥).
Equations (51) and (60) force f (⊥) to be, fiber by fiber, structure constants of
some Lie group. The rotation of this group structure as we move around the
target space is constrained by Equation (57); this equation can be derived from
Equation (67). The remaining constraints consist of O(√α′) modifications of
Aˆ and f ; these modifications arise from nontrivial transverse gauge fields. The
above constraints in the presence of transverse gauge curvature are the major
new results of this section.
λ(σ)e
d     ’’ Aσ2
λ(σ  )f         ’
Figure 3
A one-loop O(α′1/2) contribution to the commutator {G−, G−}. The wavy line
denotes a boson propagator.
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Since the constraints we have found require adding order O(√α′) terms to
the action and to the supersymmetry current, the next step would be to check
closure of the supersymmetry algebra at order O(√α′). We will not pursue this
very far; however, to reassure ourselves that our solutions make sense at higher
order, let us discuss one-loop corrections to the terms in Equation (48) which
are quadratic in λ. The correction to Aˆ will show up in the first line of Equation
(48) as an order O(√α′) piece of T−−, but this is due to the addition of Aˆ(1) to
the connection. In the second line f (1) and the order
√
α′ corrections to Dˆ(−)e
combine to form the order
√
α′ term in the second line of Equation (48):
α′
3
2
eµaF
(0)
µρklf
(⊥)
b
kl∂−φ
ρλaλb . (69)
Closure requires that this be cancelled by one loop contributions to (48) at the
appropriate order: such contributions will come from the commutator of e∂−φλ
with fλλλ. The diagram leading to the one-loop term proportional to
α′eµa∂ρAˆµklfb
kl∂−φ
ρλaλb (70)
is shown in Figure 3. If we evaluate this diagram using the conventions stated in
Appendix C, we find that the coefficient is 3/2. Note that the boson propagator
in this diagram corresponds to the Green’s function
〈∂+φ(σ)∂−φ(σ′)〉 = 2πiδ(σ − σ′) . (71)
Since the normal coordinate expansion is manifestly gauge and coordinate co-
variant, all terms in the commutator at this order contain Aˆ either in covariant
derivatives or in curvature tensors (although for higher orders we should keep in
mind the σ-model anomaly). Thus, so long as we know the correct coefficient in
front of the term (70) we know the coefficient multiplying the term proportional
to gauge curvature, of which (70) is a piece. In this case, then, the one loop or-
der O(√α′) contribution to Equation (48) proportional to the gauge curvature
is:
α′
3
2
eµaF
(0)
ρµklf
(⊥)
b
kl∂−φ
ρλaλb , (72)
which cancels the contribution from f (1) and Dˆe. We will leave the calculations
of further one- and higher-loop contributions to the current commutators for
future work.
We would like to note that although the 1/
√
α′ scaling complicates the α′
expansion of the commutators it does not invalidate this expansion. The only
negative powers of
√
α′ arise from the currents themselves. σ-model countert-
erms will always be multiplied by positive powers of α′ with respect to the bare
Lagrangian; the divergences of the Green’s functions may scale with large nega-
tive powers of α′ if there are enough supersymmetry current insertions, but this
is due to the scaling of external sources. One- and higher-loop divergences will
always be higher order than the tree-level Green’s function and will be removed
by counterterms scaling with positive powers of α′.
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5 Imposing the U(1)L symmetry
The restrictions on the geometry of the (2, 1) σ-model due to the U(1) symmetry
are derived in the same way as in the previous section. We require that the
action be invariant; that the U(1) current algebra contain no central term; and
that the current be chiral:
∂+J− = 0 . (73)
The conditions arising from invariance of the action and from chirality have been
derived for the bosonic σ-model with torsion by Hull and Spence (1989, 1991),
Jack et.al. (1990), and Roˇcek and Verlinde (1992); the generalization to (p, q)
supersymmetry was given by Hull, Papadopolous and Spence (1991); the case
of N = 2 supersymmetry in superspace was discussed by Roˇcek and Verlinde
(1992); and the gauging of heterotic σ-models was discussed by Hull (1994). We
will rederive these results, and include the effect of quantum corrections arising
at order O(α′0). J− should be a gauge current and not a complex structure
leading to (2, 2) supersymmetry (we will discuss the latter possibility in the next
section), so we will demand that J− be the top component of a supermultiplet,
and we will find its dimension (0, 1/2) superpartner j−.
We begin by examining the variation of the action due to the transformations
given in equations (35)-(37). The bosonic terms in the variation of the action
are:
δSbos =
∫
d2σ {∂+ǫ [vµ (gµν + bµν) ∂−φν ]
+∂−ǫ [v
µ (gµν − bµν) ∂+φν ]
+ǫ
[
∂+φ
(µ ∂−φ
ν)2∇µvν + ∂+φ[µ ∂−φν] (Lvbµν)
]}
, (74)
where ∇ is the torsionless covariant derivative and Lv is the Lie derivative with
respect to v. The vanishing of the first term of the last line of (74) means that
v must be a Killing vector. The second term in the last line of (74) should
combine with the first and second lines in a way that leaves only ∂+J−. If we
let
Lvb = −dω , (75)
then (74) becomes:
δSbos =
∫
d2σ
{
∂+ǫ
[
vµ (gµν + bµν) ∂−φ
ν − 1
2
ωµ∂−φ
µ
]
+∂−ǫ
[
vµ (gµν − bµν) ∂+φν + 1
2
ωµ∂+φ
µ
]}
. (76)
We wish the second line to vanish, so
ωµ = −2vρ (gρµ − bρµ) . (77)
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The first term in (76) is then a piece of ∂+ǫJ−, as expected by Noether’s theorem.
Since v is a Killing vector, Equation (75) can be used to show that:
∇(−)λ vρ = 0 . (78)
Combining this equation and Equation (16) we find that:
LvJµν = 0 . (79)
Equation (75) also means that
LvH = 0 (80)
to order O(α′0).
The only term term in δS quadratic in fermions is:
δSλλ =
∫
d2σ { ∂+ǫΣabλaλb
+ǫ
[
i
2
vρFρλab + DˆλΣab
]
∂−φ
λλaλb
}
. (81)
The first term is what we expect from Noether’s theorem. The vanishing of
the second term will be discussed below. The final term in the variation of the
action is quartic:
δSψψλλ =
∫
d2σ
[
1
2
vρDˆ(+)ρFµνab − 2iFµνcbΣca
]
ψµψνλaλb . (82)
Again, we will discuss the vanishing of this term below.
Σ    (σ  )
+ terms covariantizing derivatives
’Σ    (σ   )
Figure 4
The one-loop O(α′0) contribution to {J−, J−}.
Next we wish to impose the vanishing of the commutator of the U(1) current
with itself. The classical bracket gives us:
{J−(σ), J−(σ′)} = −2vµvµδ′(σ − σ′)− 2gαβvα∇λvβ∂−φλδ(σ − σ′) . (83)
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The antisymmetry of H allows us to turn ∇ into ∇(−) in the second term,
which vanishes. If the U(1) is realized entirely as a spacetime isometry then
this isometry must be null. However, if we have a piece of Σ which scales as
1/
√
α′, then at order O(α′0) we get a one-loop correction to the above which
comes from the commutator of Σλλ with itself. We compute this using the same
strategy (and keeping in mind the same caveats) as the previous section. The
relevant diagram is shown in Figure 4. Converting this term into a commutator
expression gives us the expression for the order O(α′0) part of the commutator:
{J−(σ), J−(σ′)} = −2
(
vρvρ + α
′ΣabΣab
)
δ′(σ − σ′)
−α′ΣabDˆλΣab∂−φλδ(σ − σ′) . (84)
to O(α′0) the final term vanishes, so that
vρvρ + α
′ΣabΣab = 0 (85)
if the U(1) current is to be anomaly-free.
f    (    )σ
+ terms covariantizing derivatives
’Σ    (σ   )
Figure 5
The one-loop O(α′0) contribution to {G−, J−}.
Supersymmetry requires that the Poisson bracket of the supersymmetry cur-
rent with the top component φ1 of a superfield is:
{G−(σ), φ(σ′)1} = −2hφ0δ′(σ − σ′)− ∂−φ0δ(σ − σ′) (86)
where h is the left conformal dimension of φ1 and φ0 is its superpartner, with
left conformal dimension h−1/2. The classical Dirac bracket of the left-moving
supersymmetry current with the left-moving U(1) current is:
{G−(σ), J−(σ′)}tree = −2 (vµeµaλa) (σ′)δ′(σ − σ′)+[(
2iΣkaeρk +Hργµe
γ
av
µ
)
∂−φ
ρλa − ∂− (vµeµaλa) −(
ivµDˆµfabc + 6fkabΣ
k
c
)
λaλbλc
]
(σ′)δ(σ − σ′) . (87)
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In addition, the one loop part of the commutator of Σ(⊥)λλ (where Σ(⊥) is the
piece of Σ scaling as 1/
√
α′) and f (⊥)λλλ will contribute an order O(α′0) term.
This term will come from the diagram shown in Figure 5. Using the fact that
DˆΣ and Dˆf (⊥) are order O(α′0) or smaller, to this order the one contribution
at order O(α′0) is:{
−if (⊥)abcλaλbλc,Σ(⊥)klλkλl
}
1loop
= −6iα′f (⊥)abc Σ(⊥)bcλa(σ′)δ′(σ − σ′)
−3iα′f (⊥)abc Σ(⊥)bc
(
∂−λ
a + Aˆµ
a
c∂−φ
µλc
)
(σ′)δ(σ − σ′) . (88)
Using the fact that Dˆf and DˆΣ vanish to this order, one can see that the last
line is equal to:
− 3iα′∂−
(
f
(⊥)
abc Σ
(⊥)bcλa
)
, (89)
as required by supersymmetry. Thus, if
eρkΣ
k
a =
i
2
Hραµe
α
av
µ , (90)
and if the last line of Equation (87) vanishes, then J− is the top component of
a superfield and its dimension (0, 1/2) superpartner is:
j− =
(
vµeµa + 3iα
′f (⊥)abcΣ
(⊥)bc
)
λa . (91)
We also want to check that the anticommutator of j with itself vanishes.
At order O(α′0) the tree level commutator will suffice. The condition for the
vanishing of this anticommutator is:
vµvµ − 9faklfamnΣklΣmn = 0 . (92)
If we write
Σab = 3iw
cfcab , (93)
then Equation (92) follows from the nilpotency of J−.
Let us summarize what we have found so far:
Lvgµν = 0 (94)
LvHµνρ = 0 (95)
∇(−)λvρ = 0 (96)
DˆλΣab = − i
2
vρF ρλab (97)
1
2
vρDˆ(+)ρFµνab = 2iΣ
k
aFµνkb (98)
(1− P)k aΣkb = i
2
eαae
β
bv
ρHαβρ (99)
vρDˆρfabc = 6iΣk[a f
k
bc] (100)
vρvρ + α
′ΣabΣab = 0 . (101)
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Not all of these equations are independent. The tangent part of Equation (97)
can be shown with some work to follow from Equations (99) and (96). The
tangent part of Equation (100) can be shown to be equivalent to Equation (80).
The tangent part of Equation (98) is equivalent to:
LvR(+)µναβ = 0 . (102)
The normal parts of Equations (98) and (100) take a a little more thought. f
and Aˆ have order O(√α′) pieces, and Σ may as well. These will mix with order
O(1/√α′) pieces of the currents to produce terms of O(α′0).
Let us break up Σ into an order 1/
√
α′ piece Σ(⊥), an order α′0 piece Σ(0),
and an order
√
α′ piece Σ(1). Σ(⊥) and Σ(1) break up naturally into normal
and tangent pieces; Equation (99) forces Σ(⊥) to be purely normal and fixes the
tangent part of Σ(0). Now, one may use the vanishing of either Equation (56)
or the second line of Equation (42)), to rewrite Equation (100) as:
λaλbλc
(
1
2
eαav
ρFαρbc − 6iΣkafkbc
)
= 0 . (103)
(Σ(⊥) +Σ(0)ka)f
(⊥)
kbc has all normal indices and so cannot cancel any piece of
the first term in Equation (103); thus
Σ(⊥)k[a f
(⊥)k
bc] = Σ
(0)
k[a f
(⊥)k
bc] = 0 , (104)
where each equation follows from a different order of
√
α′ in Equation (103). If
PakΣkb are written as in Equation (93), then Equation (104) follows from the
Jacobi identity. The O(α′0) piece Σ(⊥)kaf (1)kbc has two tangent indices and
one normal index and cannot cancel off any piece of the first term of Equation
(103). Using Equation (61), we find that
Fαβklf
(⊥)aklΣ(⊥)ab = 0 . (105)
If we let Σ
(⊥)
ab = f
(⊥)
abc w
c and Fµνab = F
(c)
µν f (⊥)abc, then this equation implies
that
Fµν
a
bw
b =
[
Dˆµ, Dˆν
]a
bw
b = 0 . (106)
The last line follows at this order from the fact that DˆΣ(⊥) and Dˆf also vanishes
to lowest order; corrections will come at order O(√α′). The final O(α′0) piece
of Equation (103) comes from Σ(1)kaf
(⊥)
kbc; thus Equation (103) requires that:
Σ(1)ca =
3i
4
α′eαav
βFαβklf
(⊥)ckl . (107)
Note that higher order corrections to J− and to G− will also lead to higher
order corrections to j−.
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The right hand side of Equation (98) has an O(1/√α′) piece Σ(⊥)kaFµνkb,
and two order α′0 pieces, one from Σ(0)F and one from Σ(⊥)F (1), where F (1)
is the order O(√α′) piece of F arising from Equation (62). This last piece has
one normal and one tangent gauge index, while the first piece and the left-hand
side of Equation (98) have two normal indices and so vanish separately. The
vanishing of the term with mixed indices,
Σka
(
DˆµAˆ
(1)
ν
l
bGkl − DˆνAˆ(1)µlbGkl
)
, (108)
follows from Equations (62) and (105) since the covariant derivatives of Σ, P ,
and f (⊥) will show up at order
√
α′. Using Equation (97) and the fact that
[
Dˆµ, Dˆν
]a
kΣ
k
b = Fµν
a
kΣ
k
b − Fµν lbΣal , (109)
the rest of Equation (98) can be reduced to the O(α′0) part of the Bianchi
identity:
Dˆ
(0)
[ρ F
(⊥)(0)
µν]
a
b = 0 . (110)
In summary, the independent constraints arising from the U(1) symmetry are
that the worldvolume geometry admit an isometry (Equations (94) and (80))
which is covariantly conserved (Equation (96)). The part of the U(1) current
which is quadratic in λ must satisfy Equations (97) and (99). The isometry and
this quadratic term are related by the requirement that the anomaly vanish,
Equation (85)
Note that we could have started with the most general dimension (0, 1/2)
operator j− and then found its dimension (0, 1) superpartner J−. If we define
va so that
(1− P)abvb = eaµvµ (111)
Pabvb = wb (112)
then j− will have the simple form
j− = vaλ
a . (113)
However, by starting with the most general dimension (0, 1) current many of the
results of this section can be used to find constraints on the geometry necessary
for global (2, 2) and (2, 4) supersymmetry. (Recall that since the right-moving
sector has cˆ = 4 and N = 2 supersymmetry, it automatically has global (4, 1)
supersymmetry as well: see Eguchi et.al. (1989)). We will not derive these con-
straints here, but let us outline the necessary calculations. For (2, 2) supersym-
metry one would start by demanding that the first line of Equation (87) vanish
so that J− was the bottom component of a superfield; the top component would
be the additional supersymmetry charge G
(2)
− . Note that in this calculation Σ
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would scale as α′0. The conditions for invariance of the action have already been
worked out; in order to find the rest of the constraints one would need to ensure
closure of the N = 2 supersymmetry algebra (including the condition that J−
defines a U(1) current algebra with level c/3). For (2, 4) supersymmetry one
would need to find two other dimension (0, 1) operators in order to make up
an SU(2) current algebra; their dimension (0, 3/2) superpartners would be the
remaining supersymmetry currents of the N = 4 algebra.
6 Physical and geometric interpretation
The interpretation of the N = (2, 1) theory as a mapping of a 2+2-dimensional
worldvolume into some spacetime is not obvious. In particular, we should not
directly identify the vector bundle V with the spacetime or its tangent space.
We can see this by thinking about examples with target space supersymmetry.
In these cases the fermions living in the normal part of V are grouped into 8
groups of SU(2) triplets and so V is broken up into 3 dimensional subspaces.
In each of these subspaces two of the fermions are bosonized; the boson couples
to a background U(1) field which we will argue is related to a coordinate of
the worldvolume in spacetime, while the fermion is its partner under worldsheet
supersymmetry. We should not identify the chiral boson directly with a space-
time coordinate, just as one does not give the internal sector of the usual (1, 0)
heterotic string a spacetime interpretation; the chiral boson lives on a circle
with a fixed radius and there is no graviton operator in the physical spectrum
that would change this radius.
Instead, the spacetime should be directly related to the configuration space
of the target space fields, in analogy to the soliton string constructions of Harvey
and Strominger (1995) and Sen (1995); in these constructions the soliton string
is the fundamental string of the dual theory, and the dual spacetime is the
moduli space of zero-mode fluctuations around the soliton solution. In the
N = (2, 1) constructions the translation of this statement is that the spacetime
of the target space string or membrane is parameterized for small fluctuations
by the expectation value of the massless vertex operators of the (2, 1) string
(Kutasov and Martinec 1996; Kutasov, Martinec and O’Loughlin 1996).
In these (2, 1) constructions, the vertex operators corresponding to string or
membrane excitations are those for the Yang-Mills fields and for worldvolume
gravity. We can see how the gauge field excitations are realized as coordinate
excitations by writing
Aˆµ = J
λ
µh
−1∂λh . (114)
Here
h = eφ
ata , (115)
where φa are scalars living in the adjoint of the gauge group and t are Her-
mitian generators of the Lie algebra, in the adjoint representation. Equation
29
(114) solves the constraint (17) (one may show this using Equation (14)); in
complex coordinates (114) means that Fij and Fi¯j¯ vanish. The vertex operators
constructed from the currents of the internal gauge group in fact represent fluc-
tuations of φa (Ooguri and Vafa 1991b). It seems natural to identify φa with
the transverse coordinates of the 4-volume; this would mean that the spacetime
is a group manifold. In the case G = U(1)8, the group required for target space
supersymmetry, the gauge fields will be parameterized by 8 scalars φa; the gauge
field strength will be
F aµν = 2∂[µJ
α
ν]∂αφ
a − 2Jα[µ ∂ ν]∂αφa . (116)
In complex coordinates, this reads:
F aij¯ = −2i∂i∂j¯φa . (117)
The left-moving supersymmetry imposes a nontrivial structure on V ; in the
action (7) there is no relation between geometric structures in V and the intrin-
sic geometry of the target space. This relation is encoded in the left-moving
supersymmetry current (29), and in particular in the form eµ
a which maps the
tangent bundle of the target space into V . Equations (67) and (68) show that
the geometric structures of the target space and of the tangent part of V are
related as well. Note that Equation (67) can be rewritten as:
PakDˆρPkb = 3
2
α′eµbFρµklf
(⊥)akl . (118)
Although the details are not clear, these equations should be related to equations
describing imbedded surfaces, such as the Gauss and Codazzi equations.4 The
first equation relates the intrinsic worldvolume curvature to the tangent part of
F , and is reminiscent of the Gauss equation (the “Theorem Egregium”). The
second equation relates DˆP to F (⊥); F (⊥) is described by second derivatives of
φ and could be related to the second fundamental form of the surface. There
are many issues which need to be resolved before we can construct a definitive
interpretation of the (2, 1) target space theory. One problem is that the normal
and tangent gauge fields do not seem to have the same status. The transverse
gauge fields have a natural interpretation as coordinates; the tangent gauge
fields, however, seem to be mapped into the spin connection of the 4-volume. For
example, if the gauge fields of the normal part of V are valued in the Lie algebra
of U(1)8, the tangent gauge fields have some non-Abelian structure induced
from the local Lorentz group acting on tangent frames of the target space; it
seems that the tangent gauge fields should not be related to coordinates in the
same way as the normal gauge fields. Perhaps the (2, 1) σ model gives some
sort of static gauge description of imbedded 4-volumes.
Supersymmetry seems to give us geometric constraints on the imbedding
of 4-volumes into spacetime; the classical equations of motion for the target
4This interpretation was suggested by E. Martinec.
30
worldvolume are simply be the β-function equations for the heterotic string
(Callan et.al. 1985; Fradkin and Tseytlin 1985b; Lovelace 1986; Sen 1986; Hull
1986a; Bonneau and Valent 1994). These equations seem to describe some sort
of coupling of the self-dual Yang-Mills equations to self-dual gravity (Ooguri and
Vafa 1991a,b). To see how these equations might be related to the equations of
motion for the 4-volume, let us turn off gravity. The self-duality condition on
F is:
ǫµνλρJµνFλρ
a
b = 0 . (119)
If we use the ansa¨tz (114) and work in complex coordinates, then these equations
become (Nair and Schiff 1990,1992; Ooguri and Vafa 1991b):
gij¯∂i
(
h−2∂j¯h
2
)
= 0 . (120)
In the Abelian theory this equation reduces to:
(∂1∂1¯ − ∂2∂2¯)φa = 0 , (121)
which is just the equation of motion for a free scalar field in R(2,2).
It is worth noting that one may phrase the classical equations of motion and
constraints derived from the Nambu action for p-branes in terms of the Gauss
and Codazzi equations and the vanishing of the trace of the second fundamental
form of the imbedded worldvolume (Bandos et.al. 1995).
7 Conclusion
We have clearly taken only a small, if necessary, step towards understanding
the classical and quantum dynamics of the target space of N = (2, 1) strings.
However, we can begin to see what questions to ask.
At present there is no obvious way to describe the imbedding of these world
volumes in a more general, curved spacetime. One possibility comes from the
fact that the self-dual Yang-Mills equations are equivalent to the classical equa-
tions of motion for a four dimensional generalization of the WZW model (Nair
and Schiff 1990, 1992). This model looks like a 4-dimensional σ-model with
an extra Wess-Zumino term, where the σ-model fields live in a group manifold.
There is some belief that this theory exists as a quantum theory and has some
current algebra structure similar to the 2-dimensional WZW model (Losev et.al.
1995). If we could understand better if and why this model exists, and how we
might couple it to the gravity sector of the N = (2, 1) target space, we might
be able to generalize the WZW4 model to more general target spaces.
We might also hope to make contact with other recent suggestions of 2 + 2-
dimensional worldvolumes in 10+2-dimensional spacetimes. Many results have
been obtained by compactifying F-theory on restricted classes of K3 surfaces
(Vafa 1996), Calabi-Yau threefolds (Morrison and Vafa 1996), and other man-
ifolds (Witten 1996a,b); one can make statements about the theory in curved
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space, unlike the theory presented in this paper. On the other hand, it is not
clear what the “fundamental” objects are; there are only some suggestions, dis-
cussed in the Introduction, that they might be four dimensional. Furthermore,
the principles for constructing F-theory vacua are unknown; the aforementioned
results for compactifications of F-theory come from comparing the moduli space
of the compactification manifold with the moduli space of other theories. It
would be nice if there was a direct connection between F-theory and the (2, 1)
string, as there are some analogous structures, but how to make this link is not
obvious.
It may be that if and when we successfully define a perturbation theory of
sums over 4-volumes, that this theory will break down at high energies and
large orders just as string theory seems to. This is no reason not to go forward;
string theory has done remarkably well in providing hints of its underlying
structure, and has even given us enough information (by constraining the low-
energy vacua) to find some of its nonperturbative physics. Perhaps this theory
of 4-volumes will do the same.
Acknowledgments
I would like to thank E. Martinec for suggesting this problem, and for many
invaluable discussions, explanations, suggestions, and insights. In particular,
Section 6 arose largely from discussions with him. M. O’Loughlin also deserves
special thanks for innumerable useful conversations. I also would like to ac-
knowledge helpful conversations with J. Harvey, E. Poppitz, and L. Yaffe. This
paper is being submitted in partial fulfillment of the requirements for the PhD
degree at the University of Chicago.
A Target space and worldsheet geometry
A.1 Target space geometry
In general the target space of the N = (2, 1) string will have a metric gµν , with
signature (2, 2), and an antisymmetric 2-form bµν from which we may form the
3-form field strength
Hµνλ = ∂µbνλ + ∂νbλµ + ∂λbµν , (122)
or equivalently,
H = 3db . (123)
H is a torsion tensor: we define the torsionful connection as:
Γ(±)
µ
νλ
= Γ(c)
µ
νλ
± 1
2
Hµνλ (124)
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where Γ(c) is the Christoffel connection. Covariant derivatives with torsion are
defined as usual:
∇(±)λKµν...αβ... = ∂λKµν...αβ... + Γ(±)µλρKρν...αβ... + Γ(±)νλρKµρ...αβ... + . . .
−Γ(±)ρλαKµν...ρβ... − Γ(±)ρλβKµν...αρ... + . . . . (125)
The curvature with torsion is defined via the equation
[∇(±)µ,∇(±)ν] vλ = R(±)λρµνvρ ∓Hαµν∇(±)αvλ, (126)
and it can be written in terms of the connection as:
R(±)
λ
ρµν = ∂µΓ(±)
ρ
νλ + Γ(±)
ρ
µγΓ(±)
ρ
µγ − (µ←→ ν) . (127)
R(±) satisfies the following identities:
R(±)µναβ = −R(±)νµαβ = −R(±)νµαβ = −R(±)νµβα (128)
R(+)µναβ = R(−)αβµν . (129)
The left-moving fermions live on a 28-dimensional vector bundle V with
signature (26, 2) and metric Gab. Generally, in each fiber we split the space
into a 4-dimensional space with signature (2, 2) and an orthogonal Euclidean
24-dimensional space. This gives us two separate vector bundles which are
complements in V . The bundle of 4-dimensional vector spaces will be identified
with the tangent bundle of the target space, while the other 24 will live in
some internal vector bundle fibered over the target spacetime. If Aµ
a
b is an
antisymmetric connection on this bundle, then the metric-compatible connection
is:
Aˆµ
a
b = Aµ
a
b +
1
2
Gac∂µGcb , (130)
which is not antisymmetric. In this paper we use the covariant derivative:
DˆλM
ab...
cd... = ∂λM
ab...
cd... + Aˆµ
a
kM
kb...
cd...+
Aˆµ
b
kM
ak...
cd... + . . .− AˆµkcMab...kd... − AˆµkdMab...ck... − . . . (131)
Dˆ± is covariantized with respect to both tangent space and vector bundle indices
in the obvious way. The field strength that appears in the action is
Fµν
a
b = ∂µAˆν
a
b + Aˆµ
a
cAˆν
c
b − (µ←→ ν) . (132)
We raise and lower indices directly on this field strength tensor rather than
defining Fµνab as ∂µAˆνab(+ . . .); with some work one can show that Fab is anti-
symmetric in the gauge indices. Note that unlike the field strength defined by
Hull and Witten (1985), here F is in fact the commutator of gauge covariant
derivatives: [
Dˆµ, Dˆν
]
va = Fµν
a
bv
b . (133)
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We may also work in the tangent space of V using the vielbein ρAa , where
ηABρ
A
a ρ
B
b = Gab , G
abρAa ρ
B
b = η
AB (134)
Here lowercase indices (a, b, ...) are vector bundle indices, raised and lowered
with the curved metric G and uppercase indices are the indices for the tangent
space to the bundle with the flat metric η. Tensors with uppercase indices can be
converted to tensors with lowercase indices by contraction with ρ. The covariant
derivatives are as in Equation (131), with the lowercase indices replaced by up-
percase indices and the connection Aˆ replaced by the antisymmetric connection
one-form
ωµAB = Aˆµabρ
a
Aρ
b
B + ρAc∂µρ
c
B . (135)
If we have a complex structure with a vanishing Nienhuis tensor we may
choose a coordinate system such that:
J ij¯ = J
i¯
j = 0 (136)
J ij = iδ
i
j (137)
J i¯ j¯ = −iδi¯j¯ . (138)
In these coordinates the flat space metric in 2 + 2 dimensions is:
ds2 = −dz1dz1¯ + dz2dz2¯ . (139)
A.2 Worldsheet (super-) geometry
Throughout this paper, we work in conformal gauge. The worldsheet metric is:
ds2 = e2φ
(−dτ2 + dσ2) . (140)
We will be working on the cylinder, so
−∞ < τ <∞, 0 ≤ σ ≤ 2π . (141)
Light cone derivatives are defined as:
∂± =
∂
∂τ
± ∂
∂σ
, (142)
so that
σ± =
τ ± σ
2
. (143)
The (1, 0) superfields are:
Φµ = φµ + θ+ψ
µ (144)
Λa = λa + θ+F
a (145)
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where F is an auxiliary field. The superspace derivative is:
D+ =
∂
∂θ+
+ iθ+∂+ . (146)
For (2, 0) superspace we follow the conventions of Dine and Seiberg (1986).
There are two commuting Grassman coordinates θ+, θ
∗
+ paired with σ+. The
superspace derivatives are:
D+ =
∂
∂θ+
+ iθ∗+∂+ (147)
D∗+ =
∂
∂θ∗+
+ iθ+∂+ (148)
(149)
Chiral and antichiral superfields are written in complex coordinates with con-
jugate indices:
D∗+Φ
i = 0 =⇒ Φi = φi +
√
2θ+ψ
i − iθ∗+θ+∂+φ (150)
D+Φ
j¯ = 0 =⇒ Φj¯ = φj¯ +
√
2θ∗+ψ
j¯ + iθ∗+θ+∂+φ
j¯ . (151)
B Fundamental Poisson and Dirac brackets of
the N = (2, 1) σ-model
First let us recall the construction of Poisson brackets for systems with fermions
(for a clear explanation see ch. 6, sections 4 and 5 of Henneaux and Teitelboim
(1992), from which the discussion in this paragraph was lifted; we repeat this
discussion in order to explain our conventions). Let us look at a system with
commuting phase space coordinates and momenta (q, p) and anticommuting
coordinates and momenta (θ, π); the latter define an obvious Z2 grading, so we
can define monomials and by extension certain functions as being even or odd
with respect to this grading. We define partial derivatives as acting from the
right; differentials are given by the formula
δF (z) = δzi
∂F
∂zi
. (152)
Given a Lagrangian L(q, q˙, θ, θ˙), the Hamiltonian as:
H = q˙p+ θ˙π − L (153)
If we set to zero the infinitesimal variation ofH with respect to time translations,
we of course find Hamilton’s equations:
p˙ = −∂H
∂q
(154)
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q˙ =
∂H
∂p
(155)
π˙ = −∂H
∂θ
(156)
θ˙ = −∂H
∂π
. (157)
Note the minus sign in Equation (157). Now if H is an even function then we
can compute
df
dt
=
∂f
∂t
+ {f,H} (158)
where if B is an even function the Poisson bracket above is defined as
{A,B} = ∂A
∂qi
∂B
∂pi
+
∂A
∂pi
∂B
∂qi
+
∂B
∂πa
∂A
∂θa
+
∂B
∂θa
∂A
∂πa
. (159)
If B is odd and A is even then we define formally
{A,B} ≡ −{B,A} , (160)
where the bracket on the right hand side of this equation is defined above. For
A and B both odd, we should be a little careful: if we want the bracket to be
symmetric and to have the associative properties of an anticommutator
{AB,C} = A {B,C} − {A,C}B , (161)
then the signs in front of the last two terms of Equation (159) are reversed. The
final expression for the commutator of functions A and B with definite grading
is (Henneaux and Teitelboim 1992):
{A,B} =
(
∂A
∂qi
∂B
∂pi
+
∂A
∂pi
∂B
∂qi
)
+ (−1)σ(A)
(
∂A
∂θi
∂B
∂πi
+
∂A
∂πi
∂B
∂θi
)
. (162)
where σ(A) is +1 if A is even and −1 if A is odd The canonical Poisson brackets
are:
{q, p} = 1 ; {θ, π} = −1 . (163)
If τ is chosen as the worldsheet time variable, the canonical momenta of the
action (5)+(7) are:
pφ,µ = gµν φ˙
ν − bµνφ′ν + i
2
gαρΓ(+)
ρ
µβψ
αψβ +
i
2
Aµabλ
aλb (164)
πψ,µ = − i
2
gµνψ
ν (165)
πλ,a = = − i
2
Gabλ
b . (166)
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This system is clearly constrained. We follow Dirac’s procedure (Dirac 1967;
see also Hanson, Regge and Teitelboim 1976 for an introduction and many
examples). The constraints
χµ = πµ +
i
2
gµνψ
ν = 0 (167)
χa = πa +
i
2
Gabλ
a = 0 (168)
are second class:
{χµ, χν} ≡ Cµν = −igµν (169)
{χa, χb} ≡ Cab = −iGab . (170)
We may compute the Dirac brackets in standard fashion to find:
{pmu(σ), φν (σ′)}D = δµνδ(σ − σ′) (171)
{ψµ(σ), ψν(σ′)}D = −igµνδ(σ − σ′) (172)
{pµ, ψν}D =
1
2
gνβgβρ,µψ
ρδ(σ − σ′) (173)
{pµ, λa}D =
1
2
GadGdb,µλ
b (174)
{pµ, pν}D = −
i
4
gαβgαλ,µgβν,ρψ
λψρ +− i
4
GabGac,µgbd,νλ
cλd . (175)
The last three brackets are due to the metric factor in the kinetic term for ψ
and λ. If we rotate the fermions with the appropriate vielbeins, so that the
kinetic terms are the standard flat-space terms, the last three brackets above
will vanish.
In calculations in the body of the paper, all brackets are Dirac brackets
(so we drop the subscript), and we lift them to quantum commutators in the
standard way.
C Conventions for worldsheet Green’s functions
In this paper we are interested in the singular short-distance behavior of com-
mutators and operator products. For these purposes we may assume that σ
extends over the real line. If the action in flat space is normalized like so:
S =
1
4πα′
∫
dσdτ
(
ηµν∂+φ
µ∂−φ
ν + iηabλ
a∂+λ
b + iηµνψ
µ∂−ψ
ν
)
, (176)
then the φ propagator will be:
〈φµ(σ)φν (σ′)〉 = 2πiα′ηµν
∫
d2k
(2π)2
eik·(σ−σ
′)
k2 + iǫ
(177)
= −α
′
2
ηµν ln(σ− − σ′−)(σ+ − σ′+) , (178)
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while the λ propagator will be:
〈λa(σ−)λb(σ′−)〉 = 2πiα′ηab
∫
d2k
(2π)2
k+e
ik·(σ−σ′)
k2 + iǫ
(179)
=
−iα′ηab
2(σ− − σ′−)
. (180)
and similarly for ψ, with σ−, k+ → σ+, k−. If we wish to convert operator
product singularities to equal-time commutator singularities, we may use the
formula:
1
2(σ− − σ′−)
−→ δ(σ − σ′) . (181)
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